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Yield surfaceThe work experimentally studies the yielding behavior of polymethyl methacrylate (PMMA) at three dif-
ferent loading rates through a developed combined shear–compression test technique which contains a
universal materials testing machine, mental blocks with double beveled ends (combined shear–
compression loading setup) and a column sleeve made of Teflon. The results show that the failure loci
agree well with theoretical predictions involving the strain rate dependence, which indicates the validity
of this test method. Additionally, the experimental data enrich the previous experimental work about
polymer yielding surface in the principle stress space.
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PMMAwas a significant structural material of engineering com-
ponents, therefore, information about the mechanical response of
such material should be investigated. Some previous experimental
studies dealing with the mechanical behavior of PMMA under sim-
ple loading conditions were reported [1–4]. Predicting the loaded
response of PMMA under exterior loading is necessary to promote
confidence in the service life of the material and allow informed
design choices. In this case, a constitutive model is a useful tool
for such predictions [5]. Establishment of this constitutive model
is generally based on the confirmation of the failure criterion
according to the traditional plastic theory [6–8]. For the cases
under complex stress states, there were some experiments per-
formed for the purpose of better understanding the yielding behav-
ior [9–12]. Macroscopic failure loci of PMMA were determined
experimentally and a relevant yield criterion was developed but
limited to the shear–normal stress space [9]. Concerning the yield
criterion of polymers, Drucker and Prager [13] proposed a yield
function called MMP to describe the failure behavior of polymers,
which was extended by Raghava et al. [14] and supported by
Quinson et al. [15] with the experimental data of PS, PMMA and
PC. Farrokh and Khan [12] developed the yield criterion proposed
by Silano et al. [16], they experimentally investigated the yield
behavior of semi-crystalline polymer–Nylon 101, then, an empiri-
cal hydrostatic pressure dependent yield equation was developedto simulate the behavior as a function of strain rate. Recently, in
the aspect of the test technique about material yield behavior,
Hou et al. [17] presented a combined shear–compression impact
test for soft cellular materials designed in order to investigate their
behavior under impact multi-axial loadings. The test setup con-
sisted of two short cylindrical bars with one bevel end, resulting
in the emergence of a transverse reaction force which could not
be measured in the experimental design, so it was impossible to
determine the multi-axial constitutive relation directly using the
present biaxial loading device. To avoid this problem, a modified
combined compression–shear test technique consisting of two
short cylindrical bars with two bevel ends was developed by Zheng
et al. [18]. Concerning the dependence of PMMA uniaxial compres-
sion strength on strain rate, some experimental [19,20] and theo-
retical studies [21,22] also point out that the yield and flow
stresses of materials generally show a logarithmic dependence on
deformation rate. Eyring theory provides the simplest explanation
to this phenomenon by proposing that the thermal activation over
an energy barrier decreases linearly with stress [23]. As the rate
increases, less time is available for thermal activation, whereas
the strength of PMMA increases in a non-linear fashion with the
logarithm of strain rate [3,24]; this characteristic results in a more
complex formation of the strain rate term. Therefore, a
phenomenology-based strain rate dependent term following the
power-law proposed by Farrokh and Khan [12] is applied in this
paper to ensure convenience during engineering applications.
Given the lack of experimental data about PMMA yield surface
in the fourth quadrant of principle stress space in previous
investigations, it is necessary to capture the data within this range.
Fig. 2. Normal stress–strain curves at different strain rates.
Fig. 3. Load–displacement curves at _e ¼ 101 s1.
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yield behavior of PMMA under combined shear–compression load-
ing. Simultaneously, the experimental outcomes were compared
with the theoretical predictions.
Experimental procedure
The yielding behaviors of PMMA polymers (polymethyl
methacrylate) under shear combined compression loading were
taken into consideration. Plexiglas G PMMA specimens were pro-
duced through a traditional cell cast method, and thus no molecu-
lar chain orientation existed in the as-cast sheet [9,11]. In the tests,
cylindrical specimens were identical and manufactured with the
dimensions U10 mm 5 mm, as given in Fig. 1. In order to fulfill
this combined loading, an experimental approach [18] was
employed as demonstrated in Fig. 1. Five kinds (h = 0, 15, 30,
45, 60) of mental blocks with double beveled ends were applied
for capturing the mechanical response of PMMA at different stress
states. So as to grantee the accuracy of experiments, a column
sleeve made of Teflon was used to fix the whole loading device.
According to the ISO R257 standard, yield point was defined as
the nominal maximum force reached by the polymer during uniax-
ial test. Systematically, three loading rates (5  103 mm s1,
5  102 mm s1 and 5  101 mm s1) corresponding to three
kinds of strain rates (103 s1, 102 s1 and 101 s1) were also
executed.
Results and discussions
Normal compression
In the case of normal compression, the normal stress and strain
can be obtained from the following equations,
rn ¼ FUTMA0 ; en ¼
S
L
ð1Þ
where FUTM and S are the load and displacement signals output
directly from the universal testing machine, respectively. A0 and L
are the initial cross-section area and length of cylindrical speci-
mens. The results are shown in Fig. 2. The characteristic shape of
the stress–strain curve is in agreement with the findings reported
by other researchers [1,3,9]. The yield stress of PMMA is positively
correlated with strain rates, meanwhile, Yong’s modulus seems to
possess the similar trend. Noticeably, there is a soften phenomenon
after the yielding point especially for the case at the low strain rate,
this may be owing to the fact that heat will be released during the
compression, while the compression under a low strain rate offers
more time for heat transfer, in other words, the specimen seems
to be heated, which results in the soften phenomenon. In short,Fig. 1. Specimens and ePMMA was observed to exhibit rate sensitivity of the failure behav-
ior under compression.Shear–compressive test
Fig. 3 shows the load–displacement relationships at
_e ¼ 101 s1. From the figure, under the shear combinedxperimental device.
Fig. 4. Sketch of force analysis.
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as the title angle increases. Secondly, the slope of elastic segment
to reach the force peak seems to be weakened by a larger title
angle, this agrees with the observation in Ref. [9]. Thirdly, PMMA
takes on visible pose-failure softening at a small title angle. In brief,
the tilted angle has some considerable influence on the shear–
compressive failure behavior, so as to clarify this, details will be
discussed below.Fig. 5. Normal stress and shearAccording to this test approach, force analysis was sketched in
Fig. 4. In the compressive process, the upper block carries the load
FUTM while the other one keeps stationary. From the force equilib-
rium, it can be obtained that
Fn cos hþ Fs sin h ¼ FUTM ð2Þ
Fn and Fs are the force perpendicular to and parallel with the con-
tact surface, respectively. Provided there is no smooth between
the specimen and block, after a certain compressed displacement
S, there will be some shear and compressive deformation, so the
normal strain and shear strain can be calculated as
e ¼ S cos h
L
; c ¼ !  tan! ¼ S sin h
L
ð3Þ
here, e is the normal strain and c the shear strain. When the spec-
imen remains in the elastic state, according Hook’s law, we get
rn ¼ Ee ¼ FnA0 ; s ¼ Gc ¼
Fs
A0
ð4Þ
E and G represent the Young’s modulus and shear modulus sepa-
rately. Then, combining Eqs. (2)–(4), the stress could be formulated
again as
rn ¼ ð1þ tÞ cos hFUTM½ð1þ 2tÞ cos2 hþ 1A0
s ¼ sin hFUTM
2½ð1þ 2tÞ cos2 hþ 1A0
8><
>>: ð5Þ
t is the Poisson’s ratio. According to Ref. [10], t ¼ 0:38 was adopted.stress when h = 15, 60.
Table 1
Normal stress and shear stress corresponding to the yielding points.
Yielding point Normal stress (MPa) Shear stress (MPa)
0 15 30 45 60 0 15 30 45 60
_e ¼ 103 s1 120.7 116.9 105.9 88.6 68.2 0 13.4 26.1 40.4 47.5
_e ¼ 102 s1 133.2 123.8 110.7 87.8 69.6 0 14.4 30.0 44.4 53.9
_e ¼ 101 s1 143.8 131.4 115.1 95.8 73.3 0 15.6 31.6 47.9 57.8
Fig. 6. Yield criterion according to Silano et al. [16].
Table 2
Material constants at different strain rates according to Silano et al. [16].
Strain rate _e ¼ 103 s1 _e ¼ 102 s1 _e ¼ 101 s1
a (MPa) 52.132 52.932 59.522
b 0.143 0.143 0.145
Fig. 7. Determining the new material parameters c and d.
Fig. 8. Yield loci of PMMA at different strain rates.
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as plotted in Fig. 5. On the one hand, the slope of the elastic stage
could be enhanced by a higher loading rate for all the curves, which
verifies again the rate sensitivity of the failure behavior of PMMA.
On the other hand, for a certain strain rate, such as _e ¼ 103 s1, the
title angle has some effect on the elastic slope of the curves, which
is similar to the outcomes in Fig. 3.
Yield behavior
Based on the data of the failure force (yielding point) and Eq.
(5), the corresponding normal stress and shear stress can be calcu-
lated and are shown in Table 1. It also demonstrates the remark-
able rate sensitivity of yielding points of PMMA. Afterward, the
principle stress could be calculated from the following equations,
r1
r2

¼ rn
2

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rn
2
 2
þ s2
r
ð6Þ
Thus, the first invariant of stress, I1, and the second deviatoric
stress invariant, J2, can be obtained as
I1 ¼ r1 þ r2
J2 ¼ 16 ½ðr1  r2Þ2 þ r21 þ r22
(
ð7Þ
Plotting I1 vs.
ﬃﬃﬃﬃ
J2
p
of the experimental data, as displayed in
Fig. 6, suggests a linear relationship [16]:
ﬃﬃﬃﬃ
J2
p ¼ aþ b I1, two
material constants a and b are obtained as listed in Table 2. Fromthis table, it can be seen that parameter b is almost insensitive to
the strain rate, while the parameter a depends on the strain rate
and indicates an increasing trend with strain rates, from Fig. 7,
phenomenological based strain rate dependent term is introduced:
a ¼ c þ d _e
_e
 
ð8Þ
Here, c and d are two new material constants, while _e and _e are the
strain rate and an arbitrary lower bound strain rate chosen to be
103 s1. Parameters c = 52.12 and d = 0.074 can be also obtained
by fitting linearly different values of a vs. _e= _e. Then, the strain rate
dependent yield equation can be expressed as:
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J2
p
¼ 52:12þ 0:074 _e
_e
 
þ 0:143I1 ð9Þ
Combining Eqs. (7) and (9), the rate sensitive yield criteria can
be formulated asﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
6
ðr1  r2Þ2 þ r21 þ r22
h ir
¼ 52:12þ 0:074 _e
_e
 
þ 0:143ðr1 þ r2Þ ð10Þ
Using Eq. (10), the theoretical yield surface can be plotted in the
principle stress space, as shown in Fig. 8. It is clear that the exper-
imental data agree well with the theoretical results. In another
word, the test approach is capable of gaining the materials yield
behavior. Meanwhile, this approach supplements the experimental
yield data insufficient in the previous literatures [6,12,15].
However, it should be noted that the range of strain rates touched
in this paper limits to the quasi-static cases, the linearly strain rate
dependent term may be available in this range, thus some higher
loading rates should be concerned in the future work to acquire
the yield behavior in a wider range of strain rates.
Summary
This work centers on the yield behavior of PMMA under com-
bined shear–compression loading at different loading rates. In
the experiments, a developed test technique was introduced. Some
crucial experimental data beyond the range of the previous work
was taken into account. Results demonstrated that the failure
behavior of PMMA was sensitive to loading rates, so a yield crite-
rion was extended to considering this rate sensitivity. The theoret-
ical yield loci showed a well agreement with the experimental
outcomes, which verified that this test approach was valid and
applicable for exploring the yield behavior of PMMA.
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